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Abstract
Based on the properties of ordered weighted averaging (OWA) operator weights, the
parametric geometric OWA (PGOWA) operator and parametric maximum entropy
OWA (PMEOWA) operator are proposed. The properties of PGOWA operator are
analyzed. The consistence of the orness level and the aggregation value for any arbitrary
aggregated elements with PGOWA weights is proved. The equivalence of PGOWA and
PMEOWA is proved. With PGOWA operator, we cannot only generate maximum
entropy OWA (MEOWA) weights with given orness degree more easily than the
methods of Filev and Yager [Inform. Sci. 85 (1995) 11] and Fuller and Majlender [Fuzzy
Sets Syst. 124 (1) (2001) 53], but also get the MEOWA weights with given aggregation
results for a speciﬁc aggregated set.
 2003 Elsevier Inc. All rights reserved.
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1. Introduction
The concept of ordered weighted averaging (OWA) operator was introduced
by Yager [3]. It has been used in applications of decisionmaking, expert systems,
neural networks, fuzzy system and control [1,4–9]. It provides a general class of
parametric aggregation operators that includes the min, max, and average, and
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has shown to be useful for modeling many diﬀerent kinds of aggregation
problems.
In [3], Yager proposed two measures for a given OWA operator: the orness
and the entropy. In [10], Hagan proposed a method to generating weights with a
given level of orness, and the problem is formulated as a constraint nonlinear
programming with maximum entropy procedure, the weights is called maxi-
mum entropy OWA (MEOWA) weights. Filev and Yager [1] further analyzed
the analytic properties of MEOWA operator, and proposed a method to gen-
erate MEOWA weights by the immediate parameter b, with given b, the ME-
OWA weights and orness degree X can be get. Recently, Fuller and Majlender
[2] proposed another method to generate MEOWA weights, the method get the
weights by solving a polynomial equation.
In the present paper, we propose the concept of parametric geometric
OWA operator (PGOWA) and a parametric maximum entropy OWA op-
erator (PMEOWA). The properties of PGOWA operator are analyzed. The
consistence of the orness level and the aggregation value for any arbitrary
aggregated elements with PGOWA weights is proved. The equivalence of
PGOWA and PMEOWA is also proved. With PGOWA operator, we cannot
only generate MEOWA weights with given orness degree more easily than
the methods of Filev and Yager [1] and Fuller and Majlender [2], but also
get the MEOWA weights with given aggregation results for a speciﬁc ag-
gregated set.
Section 2 proposes some properties of OWA operator weights. Section 3
analyzes some properties of PGOWA operator, Section 4 proves the equiva-
lence of PGOWA operator and the PMEOWA operator. Section 5 illustrates
some numerical examples to show the process of generating PGOWA weights.
Section 6 summarizes the main results and draws conclusions.
2. Some properties of the OWA operator
An OWA operator of dimension n is a mapping F : Rn ! R that has an
associated weighting vector W ¼ ðw1;w2; . . . ;wnÞ of having the properties
w1 þ w2 þ    þ wn ¼ 1; 06wj6 1; j ¼ 1; 2; . . . ; n
and such that




with yj being the jth largest of the xi. In the latter, we will denote the expression
as FW ðxÞ, where x ¼ ðx1; x2; . . . ; xnÞ.
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The degree of ‘‘orness’’ associated with this operator is deﬁned as




The measure of ‘‘andness’’ associated with an OWA operator is the comple-
ment of its ‘‘andness’’ which means
andnessðW Þ ¼ 1 ornessðW Þ: ð2Þ
The orness measure has the following property [11]:
Proposition 1. For OWA operator weights W ¼ ðw1;w2; . . . ;wnÞ, ornessðW Þ ¼ a,
then for the reverse order of W , W 0 ¼ ðwn;wn1; . . . ;w1Þ, ornessðW 0Þ ¼ 1 a.
In the following, we will focus on a special class of OWA operator with
monotonic weights, ﬁrst we have the following deﬁnition:
Deﬁnition 1. For vector x ¼ ðx1; x2; . . . ; xnÞ, and weights W ¼ ðw1;w2; . . . ;wnÞ, if
8i; j, xi6 xj, implies wi6 ðPÞwj, then we call W is monotone. If wi6wj we call
the OWA operator is increasing, on the other hand if wiPwj, we call it is
decreasing.
To analyze the properties of a monotonic OWA operator, we have the
following theorem:
Lemma 1. For ordered vector x ¼ ðx1; x2; . . . ; xnÞ, x1P x2P    P xn, and
weights W ¼ ðw1;w2; . . . ;wnÞ, the vector a1; a2; . . . ; an, aiP 0 (i ¼ 1; 2; . . . ; n).
If w1Pw2P    Pwn, then
a1w1x1 þ a2w2x2 þ    þ anwnxn
P
a1w1 þ a2w2 þ    þ anwn
a1 þ a2 þ    þ an ða1x1 þ a2x2 þ    þ anxnÞ:
If w16w26    6wn, then
a1w1x1 þ a2w2x2 þ    þ anwnxn
6 w1a1 þ w2a2 þ    þ wnan
a1 þ a2 þ    þ an ða1x1 þ a2x2 þ    þ anxnÞ:
If ai > 0 and for j > i, xi > xj, wi > wj or wi < wj (i; j ¼ 1; 2; . . . ; n), the strict
inequality will stand.
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Proof
a1w1x1 þ a2w2x2 þ    þ anwnxn  a1w1 þ a2w2 þ    þ anwna1 þ a2 þ    þ an


























































































As x1P x2P    P xn, so xi  xjP 0 for j > i.
If w1Pw2P    Pwn, then wi  wjP 0 for j > i, so
a1w1x1 þ a2w2x2 þ    þ anwnxn
P
w1a1 þ w2a2 þ    þ wnan
a1 þ a2 þ    þ an ða1x1 þ a2x2 þ    þ anxnÞ:
If w1Pw2P    Pwn, then wi  wj6 0 for j > i,
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a1w1x1 þ a2w2x2 þ    þ anwnxn
6 w1a1 þ w2a2 þ    þ wnan
a1 þ a2 þ    þ an ða1x1 þ a2x2 þ    þ anxnÞ: 
Theorem 1. For 8x ¼ ðx1; x2; . . . ; xnÞ, and OWA weights W ¼ ðw1;w2; . . . ;wnÞ,




, i ¼ 1; 2; . . . ; n 1, then FW ðxÞP FW 0 ðxÞ.




, i ¼ 1; 2; . . . ; n 1, then
FW ðxÞ > FW 0 ðxÞ.










; i ¼ 1; 2; . . . ; n 1:

















ðbi  1Þw0i ¼ 0; b1  1P b2  1P    P bn  1:
Suppose that x1P x2P    P xn, then
FW ðxÞ  FW 0 ðxÞ ¼ ðw1  w01Þx1 þ ðw2  w02Þx2 þ    þ ðwn  w0nÞxn
¼ ðb1w01  w01Þx1 þ ðb2w02  w02Þx2 þ    þ ðbnw0n  w0nÞxn
¼ ðb1  1Þw01x1 þ ðb2  1Þw02x2 þ    þ ðbn  1Þw0nxn:
As b1  1P b2  1P    P bn  1, x1P x2P    P xn, and w0iP 0 from
Lemma 1, we can get that













i¼1ðbi  1Þw0i ¼ 0, so FW ðxÞ  FW 0 ðxÞP 0. h
Let
x ¼ n 1
n 1 ;
n 2





we can get the following corollary:
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, i ¼ 1; 2; . . . ; n 1, then ornessðW ÞP ð>ÞornessðW 0Þ.
Set a1 ¼ a2 ¼    ¼ an ¼ 1 in Lemma 1, we will have
Lemma 2. For ordered vector x ¼ ðx1; x2; . . . ; xnÞ, x1P x2P    P xn, and
weights W ¼ ðw1;w2; . . . ;wnÞ.
If w1Pw2P    Pwn, then
w1x1 þ w2x2 þ    þ wnxnP w1 þ w2 þ    þ wnn ðx1 þ x2 þ    þ xnÞ:
If w16w26    6wn, then
w1x1 þ w2x2 þ    þ wnxn6 w1 þ w2 þ    þ wnn ðx1 þ x2 þ    þ xnÞ:
Theorem 2. For 8x ¼ ðx1; x2; . . . ; xnÞ, and a pair of OWA weights
W ¼ ðw1;w2; . . . ;wnÞ, W 0 ¼ ðw01;w02; . . . ;w0nÞ, if wi  wiþ1Pw0i  w0iþ1, i ¼
1; 2; . . . ; n 1, then FW ðxÞP FW 0 ðxÞ.
Proof. From wi  wiþ1Pw0i  w0iþ1, we can see that
wi  w0iPwiþ1  w0iþ1; i ¼ 1; 2; . . . ; n 1;
w1  w01Pw2  w02P    Pwn  w0n:
Suppose that x1P x2P    P xn, from Lemma 2 we can get
FW ðxÞ  FW 0 ðxÞ ¼ ðw1  w01Þx1 þ ðw2  w02Þx2 þ    þ ðwn  w0nÞxn
P
ðw1  w01Þ þ ðw2  w02Þ þ    þ ðwn  w0nÞ
n









ðx1 þ x2 þ    þ xnÞ
¼ 0
n
ðx1 þ x2 þ    þ xnÞ ¼ 0:
So FW ðxÞP FW 0 ðxÞ. h
Similar to Corollary 1, if we let
x ¼ n 1
n 1 ;
n 2
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Corollary 2. For a pair of OWA weights W ¼ ðw1;w2; . . . ;wnÞ,
W 0 ¼ ðw01;w02; . . . ;w0nÞ, if wi  wiþ1Pw0i  w0iþ1, i ¼ 1; 2; . . . ; n 1, then
ornessðW ÞP ornessðW 0Þ.
Theorem 1 describes the relative change relation of the weights, Theorem 2
shows the absolute change relation of the weights.
When W ¼ ð1n ; 1n ; . . . ; 1nÞ, ornessðW Þ ¼ 12, and FW ðxÞ ¼ 1n
Pn
i¼1 xi. From
Theorem 1 and Corollary 1, we can easily get
Theorem 3. For a monotonic OWA operator W ¼ ðw1;w2; . . . ;wnÞ and
x ¼ ðx1; x2; . . . ; xnÞ.
If W is increasing, then
ornessðW ÞP 1
2




If W is decreasing, then
ornessðW Þ6 1
2




This is an extension of the theorem in [11]. From this we can see that, for an
increasing OWA operator W , if the bigger the element is , the bigger its weight
is, the decision maker pays more attention to the bigger element, then
ornessðW ÞP 1
2
, and FW ðxÞP 1n
Pn
i¼1 xi, which means it is or-like. On the other
hand, for a decreasing OWA operator, the bigger the element is, the smaller its
weight is, the decision maker pays more attention to the smaller element, then
ornessðW Þ6 1
2
, and FW ðxÞ6 1n
Pn
i¼1 xi, which means it is and-like, these are
consistent with our common sense.
3. Parametric geometric OWA operator and its properties
From Theorem 1, the bigger the ratios of the adjacent OWA weights, the
bigger its orness value and the aggregation result will be. In this section we will
analyze a special class of monotonic OWA operator called geometric OWA
operator (GOWA), which have a ﬁxed ratio q for adjacent weights.
A GOWA operator can be expressed as
wi ¼ aqi1 a > 0; qP 0; i ¼ 1; 2; . . . ; n: ð3Þ
Considering that
Pn














ðn 1ÞPn1j¼0 qj ¼
Pn2
i¼0 ðn 1 iÞqi
ðn 1ÞPn1j¼0 qj : ð5Þ





ððn 1ÞX iþ 1Þqni ¼ 0: ð6Þ









where qP 0, a1 ¼ 0, and ai > 0 (i ¼ 2; 3; . . . ; n).
When ai ¼ 1 ði ¼ 2; 3; . . . ; nÞ, it becomes the ordinary GOWA operator
weights as (4).
As when q ¼ 0, W ¼ ð1; 0; . . . ; 0Þ, to analyze the properties of PGOWA
weights, we will assume that q > 0, of course, all the main conclusions stand as
q ! 0.
In the latter, we will analyze the properties of PGOWA operator, which
include the geometric operator as a special case.
For a PGOWA weights W determined by (7), and x ¼ ðx1; x2; . . . ; xnÞ, from
Theorem 3, we can get that





i¼1 xi, the PGOWA operator is and-like. On the other hand, if q < 1,
the weights are increasing, ornessðW ÞP 1
2
, and FW ðxÞP 1n
Pn
i¼1 xi, the OWA
operator is or-like. If q ¼ 1, wi ¼ 1n, ornessðW Þ ¼ 12, and FW ðxÞ ¼ 1n
Pn
i¼1 xi, all the
elements are treated equally.
For PGOWA weights W and x ¼ ðx1; x2; . . . ; xnÞ ðxi 6¼ xj for i 6¼ jÞ, as
wi
wiþ1
¼ 1qai , from Theorem 1 and Corollary 1, we can get the bigger the q, the
smaller the ornessðW Þ and FW ðxÞ become. In the following, we will prove that
for any X 2 ½0; 1, or c 2 ½min16 i6 nfxig;max16 i6 nfxig, there will exist a unique
q, that makes ornessðW Þ ¼ X or FW ðxÞ ¼ c.
Theorem 4. For 8x ¼ ðx1; x2; . . . ; xnÞ, and PGOWA weights W determined by q,
when q ! 0, ornessðW Þ ! 1, and FW ðxÞ ! max16 i6 nfxig, and when q !1,
ornessðW Þ ! 0, and FW ðxÞ ! min16 i6 nfxig.
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Proof. It is obvious that ornessðW Þ and FW ðxÞ are both continuous for
q 2 ½0;þ1Þ, when q ¼ 0, W ¼ ð1; 0; . . . ; 0Þ, ornessðW Þ ¼ 1, so when q ! 0,
ornessðW Þ ! 1, FW ðxÞ ! max16 i6 nfxig. If we reverse the order of W and get a
new geometric weights W 0, from Proposition 1, ornessðW 0Þ ¼ 1 ornessðW Þ,
and q0 ¼ 1=q, when q !1, q0 ! 0, W 0 ! ð1; 0; . . . ; 0Þ, W ! ð0; 0; . . . ; 1Þ, so
ornessðW Þ ! 0, and FW ðxÞ ! min16 i6 nfxig. h
Theorem 5. For 8x ¼ ðx1; x2; . . . ; xnÞ ðxi 6¼ xj for i 6¼ j; i; j ¼ 1; 2; . . . ; nÞ, and
PGOWA weights W , then ornessðW Þ and FW ðxÞ as functions of q in ½0;þ1Þ, they
are strict monotone decreasing.
Proof. For q and q0, q < q0, their corresponding PGOWA weights are








, from Theorem 1 and Corollary 1, we have
ornessðW Þ > ornessðW 0Þ and FW ðxÞ > FW 0 ðxÞ. h
From Theorem 5, when ornessðW Þ and n is speciﬁed, then q is uniquely
determined. For GOWA operator (ai ¼ 1; i ¼ 1; 2; . . . ; n 1), q is the unique
nonnegative root of (6). The relationship of ornessðW Þ and q is shown in Fig. 1.















Fig. 1. The orness value changes with q for GOWA weights.
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Similarly, for a speciﬁc x ¼ ðx1; x2; . . . ; xnÞ, ðxi 6¼ xj for i 6¼ jÞ, and given
aggregation results c, min16 i6 nfxig6 c6 max16 i6 nfxig, there will exist a un-
ique q for geometric weights W , that makes the FW ðxÞ ¼ c.
From Theorems 4 and 5, we can get that
Theorem 6. 8X ¼ ðx1; x2; . . . ; xnÞ, let a ¼ min16 i6 nfxig, b ¼ max16 i6 nfxigða 6¼
bÞ. For PGOWA operator weights W and W 0, if ornessðW Þ6 ornessðW 0Þ,
then FW ðxÞ6 FW 0 ðxÞ, and if ornessðW Þ ! 0, FW ðxÞ ! min16 i6 nfxig, if
ornessðW Þ ! 1, FW ðxÞ ! max16 i6 nfxig.
Proof. Omitted. h
Remark 1. The property does not hold for ordinary OWA weights, that is we
cannot guarantee that if ornessðW Þ6 ornessðW 0Þ, then FW ðxÞ6 FW 0 ðxÞ. Here is a
example.
Let
W ¼ ð0:75; 0:13; 0:12Þ; W 0 ¼ ð0:55; 0:43; 0:02Þ; x ¼ ð1; 0:9; 0:2Þ
after calculation,
ornessðW Þ ¼ 0:815; ornessðW 0Þ ¼ 0:765
and
FW ðxÞ ¼ 0:891; FW 0 ðxÞ ¼ 0:941:
We can ﬁnd that
ornessðW Þ > ornessðW 0Þ;
but
FW ðxÞ < FW 0 ðxÞ:
4. The equivalence of geometric OWA operator and maximum entropy OWA
operator
Hereafter, we will prove the equivalence of MEOWA operator and the
GOWA operator. The MEOWA operator was ﬁrst suggested by Hagan [10],
and later was discussed by Fuller and Majlender [2] and Filev and Yager [1],
the MEOWA operator is a special class of OWA operators having maximal
entropy of the OWA weights for a given level of orness. The approach is based
on the solution of the following mathematical programming problem:










ðn iÞwi ¼ a; 06 a6 1;
Xn
i¼1
wi ¼ 1; 06wi6 1; i ¼ 1; 2 . . . ;m:
ð8Þ
Here, we will extend it to a more generic form. For x ¼ ðx1; x2; . . . ; xnÞ (xi 6¼ xj
for i 6¼ j), and OWA weights W ¼ ðw1;w2; . . . ;wnÞ, as min16 i6 nfxig6
FW ðxÞ6 max16 i6 nfxig, sometimes we may need to generate maximum entropy
weights that make FW ðxÞ ¼ c, where min16 i6 nfxig6 c6 max16 i6 nfxig. We will











wi ¼ 1; 06wi6 1; i ¼ 1; 2 . . . ;m;
ð9Þ
where xi > xj for i < j ði; j ¼ 1; 2; . . . ; nÞ and x1 > c > xn.
When xi ¼ nin1, i ¼ 1; 2; . . . ; n, it becomes the MEOWA weights problem (8).
Using the method of Lagrange multipliers for (9), it can be transformed to a
formula as follows:
LðW ; k1; k2Þ ¼ 
Xn
i¼1








The necessary conditions of the solution are
oL
owi












wi  1 ¼ 0: ð13Þ
From (11), we can get that
wi ¼ ek1xiþk21:
Let ek1 ¼ 1=q, and xi  xiþ1 ¼ aiþ1,
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wi
wiþ1
¼ qaiþ1 : ð14Þ
So the PMEOWA weights W ¼ ðw1;w2; . . . ;wnÞ is a PGOWA weights.
From Theorem 5, we can see that for a PGOWA operator, the ratio q and
the weights is uniquely determined by its orness level or the aggregation value,
so we have the following theorem:
Theorem 7. PGOWA operator is the unique PMEOWA operator, which means
that PMEOWA operator and PGOWA operator are equivalent. 1
As a special case, for MEOWA operator, if we want to get MEOWA
weights with given orness level, we only need to solve Eq. (6) instead of the
nonlinear programming problem (8). Further we have the following conclu-
sion:
Theorem 8. The entropy of the PGOWA weights increase with q when q6 1, and
decrease with q when qP 1. That is the entropy of the GOWA operator reaches
its maximum value when q ¼ 1.
Proof. For an PGOWA operator weights W determined by (7), as a1 ¼ 0, its
























ln 1þPnj¼2 qPjk¼2 ak 







































1þPnj¼2 qPjk¼2 ak :
Let
Pi
k¼2 ak ¼ si, then
1 There was a direct proof of MEOWA and GOWA operator equivalence in [12] with Descartes
signs rule.
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siþsj1 Pni¼2 Pnj¼2 s2i qsiþsj1 Pni¼2 s2i qsi1

























































































1þPni¼2 qsi 2 lnðqÞ:
When 06 q6 1, lnðqÞ < 0, dHðqÞ
dq > 0. When q > 1, lnðqÞ > 0, dHðqÞdq < 0. h
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The entropy of a GOWA operator changes with the ratio q is shown in
Fig. 2.
5. Generating parametric MEOWA weights with parametric geometric OWA
operator
From Theorem 7, by solving Eq. (6), we can easily generate the MEOWA
weights (GOWA weights) with a given orness degree, the approach is more
simple than that proposed by Filev and Yager [1] and Fuller and Majlender [2].
Furthermore, we can generate MEOWA weights that make the aggregation
value become any point ranged from the maximum and the minimum element.
This may be useful in determining the OWA weights from examples. Suppose
that if a sample (observation) comprised of an n-tuple of values ða01; a02; . . . ; a0nÞ,
and the aggregated value is c, the example is generated from a general popu-
lation with value ða1; a2; . . . ; anÞ, then we can generate PGOWA weights with ai
as parameters. Another characteristic of PGOWA weights is that it can always
generate consistent aggregation results for any x, that is if the aggregation value
for a speciﬁc x becomes bigger or smaller, then the aggregation results for any
other x will also become bigger or smaller, this is consistent with our common
sense.
















Fig. 2. The entropy changes with q for GOWA weights.
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Here are three numerical examples:
Example 1. Generate MEOWA weights W ¼ ðw1;w2;w3Þ with ornessðW Þ ¼ 23.





























Example 2. For x ¼ ð9; 8; 5Þ, generate GOWA weights W ¼ ðw1;w2;w3Þ that
make FW ðxÞ ¼ 6.
From (4),
w1 ¼ 1
1þ qþ q2 ; w2 ¼
q
1þ qþ q2 ; w3 ¼
q2
1þ qþ q2 ;
with
FW ðxÞ ¼ 9þ 8qþ 5q
2
1þ qþ q2 ;











Example 3. Suppose we have a sample x0 ¼ ð22; 18; 16; 13Þ, generated from a
general population x ¼ ð21; 19; 15; 12Þ and we know the aggregated value is of
x0 is FW ðx0Þ ¼ 14. Generate MEOWA weights (PGOWA) for x.
From (7) and (14), a2 ¼ 21 19 ¼ 2, a3 ¼ 19 15 ¼ 4, a4 ¼ 15 12 ¼ 3, so
w1=w2 ¼ q2, w2=w3 ¼ q4, w3=w4 ¼ q3, as w1 þ w2 þ w3 þ w4 ¼ 1, we can get
w1 ¼ 1
1þ q2 þ q6 þ q9 ; w2 ¼
q2
1þ q2 þ q6 þ q9 ;
w3 ¼ q
6
1þ q2 þ q6 þ q9 ; w4 ¼
q9
1þ q2 þ q6 þ q9 ;
with
FW ðx0Þ ¼ 22þ 18q
2 þ 16q6 þ 13q9
1þ q2 þ q6 þ q9 ¼ 14
we can get that q ¼ 1:414, so
W ¼ ð0:0179; 0:0407; 0:2118; 0:7296Þ:
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6. Conclusions
In this paper, we propose the PGOWA operator and analyze its properties.
The PGOWA operator has characteristic that it can always generate aggre-
gated values with the same order for any aggregated elements with the change
of q. The equivalence of PGOWA operator and a general form of MEOWA
operator is proved. The possible applications of PGOWA (including GOWA)
are illustrated with numerical examples.
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